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Abstract 
Standardised tight single-change covering designs with v = 12, k 4 are enumerated and clas- 
sified. There are 2554 of them, and these fall into 566 sets such that, within any set, the designs 
can be regarded as minor variants of one another. The sets pair off naturally, to give 283 
classes of the designs. If any one design in a class is row-regular (or element-regular), then 
all the designs in the class are row-regular (or element-regular). Of the 283 classes, just 10 
comprise row-regular designs; these 10 include the only one of the 283 classes that comprises 
element-regular designs. Representative members of the 10 row-regular classes are tabulated. 
Other properties of the designs are discussed. An indication is given of how each of the 10 rep- 
resentative row-regular designs can readily be converted into a row-regular tight single-changc 
covering design with v -  13, k=4.  @ 1999 Elsevier Science B.V. All rights reserved 
Keywordsv Classification of designs; Complementary sets of designs; Element-regular designs: 
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1. Definitions and notation 
As in [1,2] we define a 'tight single-change covering design' (tsccd) to be an ordered 
set of blocks, each block comprising k distinct elements taken from the integer-set 
S = { 1,2 . . . . .  v}, v > k, with the properties that 
(i) any two members of S occur together in at least one block; 
(ii) each block after the first is obtained from the previous block by changing just one 
element; and 
(iii) the newly introduced element in any block B* after the first has not previously 
appeared in the same block as any of the other elements from B*. 
We write such a design as a row-column array with blocks as columns, we take 
the sequence as running from left to right, and we leave a block's unchanged elements 
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in the same positions (rows) as they had in the previous block. Indeed, to make a 
design's structure asier to recognise by eye, we write the design with each unchanged 
element replaced by a dot. We refer to each initial appearance of an element in the 
first block, and each subsequent replacement of an element, as a 'transfer'. 
Again as in [1], we use the notation tsccd(v,k) with its obvious meaning, and we 
define a tsccd(v,k) to be 'standardised' if 
(a) the elements of the first block are 1,2 . . . . .  k in that order; 
(b) the other elements are initially introduced in the order k ÷ 1, k ÷ 2 . . . . .  v; and 
(c) the elements of  the first block are changed initially in the order k, k - 1 . . . . .  2, 1. 
An example of  a standardised tsccd(12,4) is the following (where the symbols ^  will 
be explained later): 
1 . . . . . . .  7 • • • 8 . . . .  5 • 
2 • - • 8 9  11  . . . . . . . .  12  . . . .  
3 • 7 • • 10  . . . . . . . .  9 . . . .  6 
4 5 6 .  . • 1 2 .  3 4 5 .  2 .  • 3 4  • 
^ 
(1 .1 )  
In a standardised tsccd(v,k), element v cannot appear for the first time before block 
1 + v - k or after block b - v + k, where b is the total number of blocks. In the above 
example (1.1), the first appearance of element v= 12 is as early as possible, in block 
l+v-k=9.  
If a standardised tsccd(v, k) is read from fight to left instead of from left to right, this 
too is a tsccd(v,k), referred to as the 'reverse' of the original design. The reverse can 
be standardised by relabelling the elements, but the rows may first have to be permuted. 
In the present paper, a reverse will always be taken to have been standardised. 
As in [1] we use T for the number of transfers in a standardised tsccd(v,k); thus 
T=b+k-1 ,  
where b can be found from 
+ (b  - 1 ) (k  - 1 ). 
We again use the following notation for secondary parameters of the design: 
ti = number of elements transferred i times ( i=  1 ,2 , . . . ,M for some maximum 
number M of transfers per element); 
sj = number of  transfers in row j ( j=  1,2 . . . . .  k); 
pg = number of pairs of  elements uch that each pair occurs together in i 
successive blocks (i = 1,2 . . . . .  v - k). 
Amongst he equations atisfied by the secondary parameters are the following, which 
are useful for checking: 
M 
i--I 
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,AI k 
iti = ~ s' i = T, 
, (;) 
[ : :  I 
,~t ipi = b . 
if T/k is an integer, the design is 'row-regular' if each row contains the same number 
of transfers 
";I ~$2 "'" =Sk  T/k.  
I f  T/v is an integer, the design is 'element-regular' if each element is transferred the 
same number of times T/v, so that 
{ v if i=  T/v, 1i ~- 0 otherwise .  
Example (1.1) above is neither row-regular nor element-regular, despite having both 
T/'k and T/v integral. 
Once the first block of a standardised tsccd(v,k) has been written down, the pro- 
cedure for forming each subsequent block from the previous one leaves k 1 entries 
unchanged; these entries are said to constitute an 'unchanged subset' of S. Any k 1 
entries from the first block are said to constitute an "end-subset', as are any k l 
entries from the last block. If v/(k  - 1) is an integer, the design may be such that S 
can be partitioned into unchanged subsets; for a reason given in [1], we then say that 
the design is 'inwardly expandable'. Likewise, if S can be partitioned into 1 end-subset 
(for either end) and 3 unchanged subsets, or into 2 end-subsets (one for each end) and 
2 unchanged subsets, the design is 'outwardly expandable'. 
Design (1.1) has v/(k - 1) equal to an integer but is not inwardly expandable. It is, 
however, outwardly expandable, as can be seen by examining the locations indicated 
by the arrow-heads ~; the unchanged subsets at the first three of these locations are 
{1,2,3}, {7, 11,10} and {8,12,9}, respectively, and {5,6,4} is an end-subset at the 
last of the 4 locations. 
A tsccd(12,4) that is inwardly or outwardly expandable can readily be converted 
into a tsccd(13,4). This is done by inserting 4 more blocks, each containing thc 13th 
element. The procedure can be illustrated by inserting a block at each " location in 
design (1.1); the above-mentioned unchanged subsets {1,2,3}, {7,11,10} and {8,12,9} 
remain unchanged throughout the corresponding new blocks, and the end-subset {5,6,4 } 
becomes an unchanged subset for the last two blocks of the new design: 
1 . . . . . . . .  7 . . . .  8 . . . .  5 
2 . . . .  8 9 • 11 . . . . . . . . .  12  . . . . .  13  
3 7 10  . . . . . . . .  9 . . . . .  6 
4 13 5 6 . . . . .  12 13  3 4 5 • 2 13 3 4 
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2. Minor variants of a standardised tsccd(v, k) 
For the present paper we need the new concept of  a 'minor variant' of a standardised 
tsccd(v, k). 
If  n successive transfers are made in a single row of a tsccd(v,k), with n>2,  then 
the design remains a tsccd(v,k) if  the first n -  1 of  the transfers are taken in any other 
order. Consider, for example, the following standardised tsccd(5,2): 
1 • 4 3 2  . 3 " ~--Jta.'~ 
2 3 4 5 . . . 4 . 2  
In columns 5-7 there are 3 successive transfers in the first row, so the order of  the 
transfers of  the elements 4 and 3 in columns 5 and 6 can be reversed to give another 
standardised tsccd(5,2): 
1 • 342  • 3 • ~--,fa.a~ 
2 3 4 5 . .  4 . 2  
Likewise, in columns 1-4 of (2.1) there are 4 successive transfers in the second row, 
so, e.g., the order of the transfers of elements 3 and 4 in columns 2 and 3 can be 
reversed to give 
1 .  • • 432 .  3 .  
2435.  4 -2  
This tsccd(5,2) is, however, not standardised; to standardise it we interchange the labels 
3 and 4 throughout, to give 
1 • • • 342  . 4 • ',."--'Jt').a~ 
2 3 4 5 .  3 .  2 
We describe (2.2) and (2.3), and other similarly obtained standardised variants of (2.1), 
as being 'minor variants' of (2.1). 
I f  the last column in a successive run of  n transfers in a single row is also the 
last column of  a tsccd, then the design formed by changing the order of any of  these 
n transfers (not just the first n - 1) remains a minor variant of  this tsccd. This is 
equivalent, in the reverse design, to an interchange that involves the first element from 
a run, starting in column 1, of 3 or more successive transfers in the same row. For 
example, the last 4 columns of a tsccd(v,4) might be as follows, where the transfers 
are marked by asterisks: 
*7  7 7 7 
4 4 4 4 
8 *9  9 9 
5 5 *6  *2  
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Here the permissible interchange of the elements 6 and 2 is equivalent o the inter- 
change of the elements 2 and 6 in the (as yet unstandardised) reverse 
~7 7 7 7 ..- 
*4 4 4 4 . . .  
*9 9 9 "8 ...  
×2 "6 ~5 5 . . .  
where there are 3 (not 2) successive transfers in the last row. 
We describe a standardised tsccd(c'.k) and its minor variants as constituting a 'set" 
of standardised tsccd(v,k)'s. Within a set, all or none of the designs are row-regular, 
and all or none are element-regular. 
Example (1.1) above has just 2 instances of 3 successive transfers being made in 
a single row, namely in columns 1-3 and in columns 11-13, and the two pairs of 
interchangeable elements are different. Also, the transfers in the last 2 columns are in 
different rows. Thus (1.1) belongs to a set containing 4 standardised tsccd(12,4)'s. 
3. Enumeration and classification of standardised tsccd(12,4)'s 
Preece et al. [1] showed that tsccd(v, 4)'s exist for ~' -0 ,  1 (mod3), subject to the 
restriction that t'~> 12. Taking ~= 12, we have b=21 and T =24.  so that 
T./k = 6, T/v = 2, v / (k  - 1 ) = 4. 
Thus tsccd(12,4)'s are of special interest for at least 5 reasons: 
(i) they have the smallest possible v for tsccd(v,4)'s: 
(ii) the fact that T/k  is integral permits the existence of row-regular examples; 
(iii) the fact that Th" is integral permits the existence of element-regular examples: 
(iv) the fact that v / (k -  1) is integral permits the existence of inwardly and outwardly 
expandable xamples; 
(v) knowledge of the structures of  tsccd(12,4)'s may throw light on structures to be 
expected for tsccd(20,5)'s, which have the smallest possible v for tsccd(v, 5)'s. 
This last reason is now important, as a very few tsccd(20,5)'s have been found since 
the publication of  [l]; they have however been found with great difficulty and in the 
absence of any very promising search-strategy. For tsccd(20,5)'s we have b=46 and 
T -50 ,  so that element-regular examples are impossible; otherwise, some similarities 
between tsccd(12,4)'s and tsccd(20,5)'s are to be hoped for. 
Computer enumeration has shown that there are 2554 standardised tsccd( 12,4)'s and 
that these fall into 566 sets, each such set containing a design and all its minor variants, 
as follows: 
number of designs per set (#my) 1 2 4 6 8 12 24 Total 
number of sets 78 194 146 40 50 44 14 566 
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Table 1 
Specimen tsccd(12,4)'s with #mv= 6, 12,24 
#my = 6 
(t l , tz,t3)=(4,4,4) 
(sl,s2,s3,s4) = (6,4,6,8) 
(pl, pz, p3, P4, Ps, p6, p7, ps)=(37,16,6,1,3,2,  0 1) 
1 4 3 5 
2 9 
3 6 10 11 
4 5 7 8 
#mv= 12 
(q,t2,t3)=(2,8,2) 
(sl,s2,s3,s4 ) = ( 5, 4, 9, 6) 
(pl, pZ, p3, P4, ps, p6, p7, Ps)=(41,9,  7,2,4,3,0, O) 
1 4 10 3 
2 9 
3 6 7 8 
4 5 6 7 
11 
#mv = 24 
(t l ,t2,t3)=(2,8,2) 
(Sl,SZ,S3,S4)=(6, 4 5,9) 
(pl, p2, P3, P4, ps, p6, pv, ps)=(41,9,  7,2, 4,3, 0, O) 
1 3 4 5 
2 9 
3 7 10 6 
4 5 6 8 
7 12 
12 
11 12 
10 
2 
6 
10 
1 6 
11 
1 
5 
7 
4 5 2 
9 
10 9 
11 
4 1 3 7 2 
Table 1 contains a specimen tsccd(12,4) for each of the values #mv= 6,12 and 24; 
Table 3 later in the paper contains specimens for each of  the other possible values of  
#mv. 
Computer matching has shown that the 566 sets pair off naturally to give 283 classes 
of the designs; within a class, one set contains the reverses of the designs in the 
other set, the two sets thus being 'complementary' to one another. Such pairing could 
not have been taken for granted, as the sole standardised tsccd(3,2) shows that a 
standardised tsccd may even be identical to its (standardised) reverse: 
1 • 2 
2 3 . 
Within any set of standardised tsccd(12,4)'s the values of ti ( i=  1,2 . . . . .  M where 
M=3) ,  of  sj  ( j=  1,2,3,4), and of  Pi ( i=-1 ,2  . . . . .  8) are constant. This is also true 
of  any class of  standardised tsccd(12,4)'s, ave that the values taken by the secondary 
parameters j  may come in different orders for the 2 sets within the class. Thus, 
example (1.1) above belongs to a set with 
(S1, $2, $3, $4) = (4, 5, 5, 10) 
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whereas the complementary set has 
(sl,s~,s3,s4) = (5, 10,4, 5). 
This difference between the 2 sets arises because, within the class comprising them. 
rows sometimes have to be permuted when reverses are standardised. An example in 
which they need not be is given below. 
1 . . . . .  3 1 2 4 5 
2 . . . .  9 10 9 7 6 
3 7 11 . . . . . . . .  8 10 
a~ 5 6 8 12 . . . . . . . .  4 9 
(3.1) 
Because of the possible differences in s j-values between complementary sets, an 
illuminating classification of standardised tsccd(12,4)'s is more easily produced for 
sets than for classes. Table 2 contains such a classification, based on combinations of 
values for the parameter-sets ( l, t2, t3) and (sl,s2,s3,s4). 
If the entries in the right-hand 'Total' column of Table 2, or in the 'Total' row at 
the bottom, are divided by 2, they become nos of classes. Thus, for example, we see 
from near the top of the Table that there is just one class whose designs have s/ 10 
for some j, and that this class has (h, t2, t~) = (3, 6, 3). Example (1.1) above belongs 
to this class. 
Perhaps the most interesting line in Table 2 is that for (s i, s2, s3, s4)= (6~ 6, 6, 6), i.c. 
the line for row-regular designs. This line shows that the row-regular designs make up 
just 20 sets, and so just 10 classes, which we label as follows: 
Classes (h, t2, t3 ) 
A [element-regular] (0,12,0) 
B1, B2, B3, B4 (1,10,1) 
C1, C2, C3, C4 (2,8,2) 
D (3,6,3) 
None (4,4,4) 
Representative members of these classes are displayed in Table 3. 
Table 2 confirms that class A is the only one of the 283 classes that comprises 
element-regular designs. It is thus all the more remarkable that the first tsccd(12,4) to 
be found (by hand, by R.L. Constable of St Andrews University, Scotland) was from 
class A. 
In the designs from the two sets in class A, the first appearance of element 12 (the 
last element o appear) is in block 10 (as in the class A design in Table 3) or block 
12, depending on the set. The same is true for sets B1, B2, B3, B4, C1, C3, C4 and 
D. Class C2 is distinctive in that the first appearance of element 12 is in block 11, 
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Table 2 
Classification of sets of standardised tsccd(12, 4)'s 
tl,12, t3 
SI,$2,$3,S 4 0,12 ,0  1 ,10 ,1  2 ,8 ,2  3 ,6 ,3  4 ,4 ,4  Tota l  
4,4,7,9 0 0 0 0 1 
4,7,4,9 0 0 0 0 I 2 
4,5,5,10 0 0 0 i 0 
5,10,4,5 0 0 0 I 0 2 
4,5 ,6 ,9  0 0 0 1 0 
4 ,5 ,9 ,6  0 0 2 0 0 
4 ,6 ,5 ,9  0 0 0 2 0 
4 ,6 ,9 ,5  0 0 1 2 0 
4 ,9 ,5 ,6  0 0 4 0 0 
5 ,4 ,6 ,9  0 0 4 0 2 
5 ,4 ,9 ,6  0 0 2 1 7 
5 ,6 ,9 ,4  0 0 2 0 0 
5 ,9 ,4 ,6  0 0 0 1 1 
5 ,9 ,6 ,4  0 0 4 0 1 
6 ,4 ,5 ,9  0 0 5 1 9 
6 ,4 ,9 ,5  0 0 2 0 4 
6 ,5 ,9 ,4  0 0 0 0 4 
6 ,9 ,4 ,5  0 0 0 0 2 
6 ,9 ,5 ,4  0 0 0 0 2 66 
4 ,5 ,7 ,8  0 0 0 1 0 
4 ,5 ,8 ,7  0 2 2 2 0 
4 ,7 ,8 ,5  0 0 1 0 0 
4 ,8 ,5 ,7  0 0 0 2 0 
4 ,8 ,7 ,5  0 0 0 i 0 
5,4 ,7 ,8  0 1 2 6 3 
5 ,4 ,8 ,7  0 0 1 2 5 
5 ,7 ,4 ,8  0 0 1 2 1 
5,8,4,7 0 0 0 0 2 
5,8,7,4 0 0 1 0 1 
7,4 ,8 ,5  0 0 1 5 0 
7,5,8,4 0 0 0 4 0 
7,8,4,5 0 0 0 2 1 
7,8,5,4 0 0 0 3 i 
8,4,5,7 0 I 0 8 0 
8,4,7,5 0 0 1 0 0 
8,5,4,7 0 0 0 2 0 68 
4,6 ,6 ,8  0 1 1 1 0 
4,6,8,6 0 0 0 6 0 
4,8 ,6 ,6  0 0 4 1 0 
6,4,6,8 0 i 4 5 4 
6,4,8,6 0 3 2 0 1 
6,6,4,8 0 0 3 3 0 
6,6 ,8 ,4  0 0 0 0 1 
6,8,4,6 0 0 0 3 1 
6,8 ,6 ,4  0 0 4 0 1 
8,4,6,6 0 1 6 9 0 66 
4,6,7,7 0 0 2 3 2 
4,7,6,7 0 0 0 2 0 
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Table 2. Continued 
665 
4 ,7 ,7 ,6  0 0 0 1 1 
6 ,4 ,7 ,7  0 0 1 5 2 
6 ,7 ,4 ,7  0 0 1 3 3 
7 ,4 ,6 ,7  0 0 1 1 0 
7,4 ,7 ,6  0 0 1 5 2 
7 ,6 ,4 ,7  0 0 0 2 0 
7 ,6 ,7 ,4  0 0 0 0 2 
7 ,7 ,4 ,6  0 0 0 2 0 
7,7 ,6 ,4  0 0 0 0 2 44 
5 ,5 ,6 ,8  0 1 3 4 4 
5 ,5 ,8 ,6  0 0 8 5 6 
5,6 ,5 ,8  0 2 2 1 0 
5 ,6 ,8 ,5  0 2 5 6 2 
5,8 ,5 ,6  0 0 4 0 0 
5,8 ,6 ,5  0 1 2 1 3 
6 ,5 ,5 ,8  0 7 3 2 7 
6 ,5 ,8 ,5  0 0 2 5 4 
6 ,8 ,5 ,5  0 1 2 1 4 
8 ,5 ,5 ,6  0 0 0 1 0 
8 ,5 ,6 ,5  0 0 3 1 0 
8 ,6 ,5 ,5  0 0 2 1 0 108 
5 ,5 ,5 ,9  0 0 0 2 1 
5 ,5 ,9 ,5  0 0 0 0 3 6 
5 ,5 ,7 ,7  0 4 5 9 10 
5 ,7 ,5 ,7  0 2 0 4 0 
5,7 ,7 ,5  0 0 0 6 5 
7,5 ,5 ,7  0 0 I 7 2 
7 ,5 ,7 ,5  0 2 1 5 8 
7 ,7 ,5 ,5  0 0 3 5 3 82 
5 ,6 ,6 ,7  0 1 2 3 0 
5 ,6 ,7 ,6  0 1 5 7 2 
5 ,7 ,6 ,6  0 0 7 10 0 
6 ,5 ,6 ,7  0 3 1 2 1 
6 ,5 ,7 ,6  0 3 5 3 1 
6 ,6 ,5 ,7  0 1 4 3 0 
6,6 ,7 ,5  0 1 4 7 0 
6,7 ,5 ,6  0 1 1 2 1 
6 ,7 ,6 ,5  0 0 3 2 1 
7,5 ,6 ,6  0 0 4 4 0 
7,6 ,5 ,6  0 0 1 1 0 
7 ,6 ,6 ,5  0 1 1 2 0 102 
6 ,6 ,6 ,6  2 8 8 2 0 20 
Tota l  2 52 158 216 138 566 
irrespective o f  set. As pointed out above, the earliest possible appearance of  element 
12 in a standardised tsccd(12,4) is in block 1 + v -  k = 9, as in design (1.1); the latest 
possible is in block b - v + k = 13, which is achieved in the (standardised) reverse 
o f  (1.1). 
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Table 3 
Representatives of the l0 classes of row-regular tsccd(12,4)'s 
A 
#my - 4 
(t l , t2,0) =(0,  12,0) 
(pl ,  p2, P3, P4, ps, p6, pT, ps)=(35,  14,9,4,4,0,0,0) 
-I- + -t- + 
1 3 2 1 7 6 
2 9 10 
3 T 10 11 4 
4 5 6 8 12 5 
B1 
#my = 1 
( t l , t2, t3)=( l  , 10, 1) 
(pl ,  p2, P3, P4, ps, p6, pT, ps)=(33,18,  6, 6,3, 0, O, O) 
+ + + 
1 . . . . .  10 9 . . . .  
2 8 9 4 12 . . . . .  6 
3 6 T 11 8 
4 5 1 2 4 3 
B2 
#mv = 4 
(t l , tz,t3)=(1, 10, 1) 
(pl ,  pz, p3, p4, ps, p6, PT, ps)=(35,13,12,2,3,1,  O, O) 
+ + + 
1 . . . . .  3 2 1 T 6 
2 . . . .  9 10 . . . . .  
3 T 10 11 4 5 
4 5 6 8 12 . . . . .  
B3 
#mv = 4 
(t l , t2,t3)= (1, 10, 1) 
(pt ,  P2, P3, P4, Ps, P6, P7, P8) = (37, 14, 5, 4, 6, 0, 0, 0) 
+ + 
1 . . . . .  10 
2 . . . .  9 4 11 
3 6 T 8 
4 5 . . . . .  
B4 
#mv= 8 
(tht2,t3)=(1, 10, 1) 
(Pl,P2, P3, P4, Ps, P6, pv, Ps)=(39,12,4,4,7,0,  O,O) 
+ + + 
1 . . . . .  4 I0  i i  6 
2 . . . .  9 i0  
3 6 7 8 12 7 
4 S . . . . . .  2 1 4 3 
4- 
9 . . . .  
. . . .  6 
12 . . . . .  7 
1 2 4 3 
9 11 8 
i0 II 
+ 
8 9 
4 
10 11 8 
9 11 8 
12 
+ 
12 
T . 
11 
-I- 
12 
+ 
12 
R 
R 
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Table 3. Continued 
C1 
#mv - 4 
(q,t2,t3)-(2,8,2) 
(Pl,P2, P~,P4, Ps, Pc,, P?, ps) - (33, 16, 12,3, 1,0,0, 1) 
+ + 
1 3 1 2 
2 9 10 
3 7 12 
4 5 6 8 11 
C2 
#my-  1 
(q,t2,t3)-(2,8,2) 
(P l ,  P2, P3, P4, Ps, P~, pT, ps)  = (35, 15,8,4,3, 1,0, 0) 
+ + 
1 3 4 
2 9 10 11 12 
3 6 7 
4 5 8 6 
C3 
#my = 4 
(q,t2, t~)-(2,8,2) 
(pl,p2, p3, P4. ps, p6, pT, ps)=(37,13,7,3,6,0, O.O) 
1 . . . . .  10 
2 9 4 11 
3 6 7 8 12 
4 5 1 2 
C4 
#my= 8 
(q,t2,t3)-(2,8,2) 
(Pl, P2, P3, p4, ps, P6, P?, Ps)  = (39, 11,7,2, 6, 1,0,0) 
1 4 i 0  I I  
2 9 i0  
3 6 7 8 12  
4 5 . . . . . .  2 
D 
#mv - 4 
(h,t2, t3)-(3,6,3) 
(P l ,  P2, P3, P4, P5, P6, pT, Ps)  = (35, 15,9,4,2,0,0, 1
+ + 
1 . . . . .  4 12 
2 . . . .  9 10 
3 6 7 8 11 
4 5 . . . . . .  1 
4- 
6 
8 
9 4 5 
9 8 10 
5 11 
9 
6 7 
4 3 
6 7 
1 4 3 
12 
8 
6 
8 
6 
+ + 
9 6 7 
. . . . .  8 
. . . . .  12 
2 3 6 
+ 
4 
7 
2 
9 
10 
+ 
5 
11 
"R  
11 
" R 
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For any standardised tsccd(12,4) from any of the 283 classes, if the first appearance 
of element 12 is in block x (=9,10,11,12 or 13), then element 12 first appears in 
the (standardised) reverse in block 22-  x. However, in general, if element v of a 
standardised tsccd(v,k) first appears in block x, then the first appearance of element 
v in the (standardised) reverse is not necessarily in block b + 1 -x .  Consider, for 
example, the following two tsccd(4,2)'s: 
1 3 2 
[ '2  ") ~ 
2 3 4 3 ~J'~J 
and 
1 4 3 
1"2 "I~ 
2 3 ~ 2 ~" ' "~ 
In each of these tsccd's, element v = 4 first appears in block x = 3; in the standardised 
reverse of (3.2) element v=4 first appears in block b + 1 - x=4,  whereas in the 
standardised reverse of (3.3) the element v =4 first appears in block 3. 
Table 3 gives the values of Pi (i= 1,2 . . . . .  8) for each of the 10 row-regular classes. 
These 10 octuples of values all differ from one another, with Pl variously taking the 
value 33,35,37 or 39, and Ps taking the value 0 or 1. Indeed, throughout he 283 
classes, there are 207 different such octuples, with frequency table as follows: 
number  o f  occur rences  o f  oc tup le  1 2 3 4 5 6 7 8 Tota l  
number of octuples 159 29 14 4 0 0 0 1 207 
Throughout he 207 octuples, the following values of Pi occur: 
p~ : 29,31,33,35,37,39,41; 
Pz : 7 ,8, . . . ,26;  
p3 : 2,3, . . . ,  14; 
p4 : 0 ,1, . . . ,7 ;  
p5 : 0, 1 . . . . .  7; 
P6 : 0,1,2,3; 
p7 : 0, 1,2; 
ps : 0, 1,2; 
(p7, Ps) : (0, 0), (0, 1), (0, 2), (1,0), (1, 1), (2, 0). 
The values of pj are consistent with the result in [1] (p. 61) that, if k is even and b 
is odd, then Pl is odd. The values of P8 are consistent with the result in [1] (p. 62) 
that p,  k <~ k/2. 
The anomalous octuple that arises for 8 of the 283 classes is that for class D (see 
Table 3). Amongst the 29 octuples that each arise for exactly 2 of the 283 classes are 
those for classes C1 and C2 (again see Table 3). Amongst the 159 octuples that each 
arise just once are those for classes A (the element-regular class), B1, B2, B3, B4, C3 
and C4. 
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Of the 10 classes of row-regular tsccd(12,4)'s, all comprise designs that are out- 
wardly expandable, and all except C3 and C4 comprise designs that arc inwardly 
expandable. In Table 3, locations for the unchanged subsets and end-subsets of the 
outward property are indicated by arrow-heads on each design, as for ( 1.1 ): correspond- 
ingly, locations for the unchanged subsets of the inward property are indicated by plus 
signs. Minor variants of tsccd's are expandable if and only if the original tsccd is too. 
In terms of the expandability properties, the 283 classes can be classified as tbllows: 
Inwardly Not inwardly Total 
expandable expandable 
Outwardly expandable 129 147 276 
Not outwardly expandable 1 6 7 
Tota l  130 153 283 
The single class of designs that are inwardly but not outwardly expandable is neither 
element-regular nor row-regular; a tsccd(12,4) from this class is as lbllows where, once 
again, plus signs indicate a set of locations for unchanged subsets for the "inward' 
property: 
+ + + + 
1 . . . . .  3 12  4 
2 . . . .  9 10 . . . . . . .  12 
3 7 12 9 7 8  
4 5 6  8 11 . . . . .  6 5  
6 
11 
A tsccd(12,4) that is neither inwardly nor outwardly expandable is the specunen given 
in Table 1 for #mv--  12; this is design X of [1] (p. 78). 
Any row-regular tsccd(12,4) can be expanded to a row-regular tsccd(13,4) by in- 
serting extra blocks as outlined in Section 1 above, but the set of locations where the 
extra blocks are to be inserted must be carefully chosen for the row-regularity condi- 
tion to be met. In Table 3, sets of locations that can be used for creating row-regular 
tsccd(13,4)'s are labelled R. Thus in design A the locations indicated + can be used 
but not those indicated ~; the opposite is true in design B3. 
In certain instances, similar insertion of extra blocks can also be used to obtain a row- 
regular tsccd(13,4) from a tsccd(12,4) that is not row-regular. This can be illustrated 
by inserting blocks in the ~ locations in (3.1) above, the corresponding subsets of S 
being {1,2,4}, {3,7,8}, {10,11,12} and {5,6,9}, respectively. 
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